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F -SIGNATURE OF GRADED GORENSTEIN RINGS
AKIYOSHI SANNAI AND KEI-ICHI WATANABE
Abstract. For a commutative ring R, the F -signature was defined by Huneke
and Leuschke [H-L]. It is an invariant that measures the order of the rank of the
free direct summand of R(e). Here, R(e) is R itself, regarded as an R-module
through e-times Frobenius action F e.
In this paper, we show a connection of the F-signature of a graded ring
with other invariants. More precisely, for a graded F -finite Gorenstein ring R
of dimension d, we give an inequality among the F -signature s(R), a-invariant
a(R) and Poincare´ polynomial P (R, t).
s(R) ≤
(−a(R))d
2d−1d!
lim
t→1
(1− t)dP (R, t)
Moreover, we show that R(e) has only one free direct summand for any e,
if and only if R is F -pure and a(R) = 0. This gives a characterization of such
rings.
1. Introduction
Let R be a reduced local ring of dimension d containing a field of characteristic
p > 0 with a perfect residue field. Let R(e) be R itself, regarded as an R-module
through the e-times composition of Frobenius maps F e. In the following, we often
assume that R(e) is F -finite. This is equivalent to R(1) being a finite R-module.
The structure of R(e) has a close relationship with the singularity, multiplicity
and Hilbert-Kunz multiplicity of R. For example, if R is a regular local ring of
dimension d, then by a theorem of Kunz, R(e) becomes a free module of rank ped.
The converse also holds, and thus, this property characterizes regular local rings.
In [H-L],Huneke and Leuschke investigated how many free direct summands are
contained in R(e) . Namely, they decomposedR(e) asR(e) = Raq⊕Mq and examined
aq, where Mq is an R-module that does not contain any free direct summand. The
number aq is known to be independent of the decomposition. In this article, first
we consider the case where aq = 1 for any q = p
e.
We obtained the following result.
Theorem 1.1. For any reduced graded F -finite Gorenstein ring R such that R has
an isolated singularity and R0 is a perfect field, the following are equivalent.
(1) R(e) has only one free direct summand, for each positive integer e.
(2) R is F -pure and a(R) = 0.
Definition 1.2. Decompose R(e) as R(e) = Raq ⊕Mq, where Mq is an R-module
that does not contain R as a direct summand. If the limit exists, we set
s(R) = lim
q→∞
aq
qd
,
and call it F -signature.
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This invariant was introduced by Huneke and Leuschke, and has been investi-
gated by several researchers. In their paper [H-L], the following theorems were
shown.
Theorem 1.3. Let R be an F -finite reduced Cohen-Macaulay local ring with a
perfect residue field and whose F -signature s(R) exists. Then the following are
equivalent.
(1) s(R) = 1.
(2) R is a regular local ring.
Theorem 1.4. Let R be an F -finite reduced complete Gorenstein local ring with a
perfect residue field. Then the following are equivalent.
(1) s(R) > 0.
(2) R is F -rational.
From these results, we can say that the F -signature contains enough information
to characterize some kind of classes of commutative rings. Theorem 1.3 was gen-
eralized by Y. Yao to that s(R) ≥ 1 − 1
d!pd
implies R is regular (see [Y]). Besides,
as in the assumption of Theorem 1.3, it is also a nontrivial question whether the
F -signature exists or not. Several papers have dealt with this problem; for example,
Gorenstein local rings are known to admit F -signatures.
In this article, we obtained the following result.
Theorem 1.5. For any reduced graded F -finite Gorenstein ring R and if R0 is
assumed to be a perfect field, we have the following inequality.
(1.1) s(R) ≤
(−a)de′
2d−1d!
.
Here, d is the dimension of R, a = a(R) is the a-invariant of R, and e′ = limt→1(1−
td)P (R, t), where P (R, t) is the Poincare´ series of R.
In dimension 2, the equality holds in (4.1) if R is regular or a rational double
point. This equality never holds for regular rings of dimension greater than or equal
to 3.
2. Preliminaries
In the following, we write q = pe for any positive integer e.
Proposition 2.1. Let R be a d-dimensional Cohen-Macaulay local ring of charac-
teristic p. The following are equivalent.
(1) R is F -rational.
(2) 0 is tightly closed in Hd
m
(R).
Proof. See [Sm], [H, Theorem 4.4]. 
Proposition 2.2. For any F -pure Cohen-Macaulay positively graded ring R of
dimension d and characteristic p, we have a(R) ≤ 0.
Proof. See [F-W], Remark 1.6. 
Proposition 2.3. Let R be an F -injective Cohen-Macaulay graded ring of dimen-
sion d and characteristic p, which is an isolated singularity. If a(R) < 0, then R is
F -rational.
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Proof. Let τ(R) be the test ideal of R. Because R has an isolated singularity,
τ(R) is m = ⊕n>0Rn-primary. Hence the annihilator of τ(R) in H
d
m
(R) is finitely
generated.
If R is not F -rational, then there exists a non-zero element x in Hd
m
(R) that
satisfies cxq = 0 for all c ∈ τ(R) and q. Since a(R) < 0 and R is F-injective, xq 6= 0
and deg xq gets arbitrary small. Hence τ(R)xq cannot be 0. A contradiction! 
3. F -signature
Let R be a reduced commutative ring of positive characteristic with a perfect
residue field. As before, let p be charR and let q = pe for any positive integer e.
In the following, we assume R is F -finite, i.e., R(1) is finite as an R-module.
Definition 3.1. Decompose R(e) as R(e) = Raq ⊕Mq, where Mq is an R-module
which does not contain R as a direct summand. If the limit exists, we set
s(R) = lim
q→∞
aq
qd
,
and call it F -signature.
Remark 3.2. For each e, we have aq ≤ rankR
(e) ≤ qd. Thus s(R) satisfies s(R) ≤ 1.
Example 3.3. Let R be a regular local ring of dimension d with a perfect residue
field. By the theorem of Kunz [Ku], we have R(e) = Rq
d
. Thus we have aq = q
d,
and s(R) = 1.
The converse also holds. See [H-L, Corollary 16].
Proposition 3.4. Let Rˆ be the m-adic completion of R. Then we have s(R) =
s(Rˆ).
Proof. This is trivial, because the completion is fully faithful. 
Theorem 3.5. Let R be a Gorenstein ring. The following are equivalent.
(1) s(R) > 0.
(2) R is F -rational.
(3) R is F -regular.
Proof. See [H-L, Theorem 11]. 
Example 3.6. For a 2-dimensional rational double point, we can calculate its
F -signature several ways. See, for example, [W-Y]. The results are listed below.
type equation charR s(R)
(An) f = x
2 + y2 + zn+1 p ≥ 2 1
n+1
(Dn) f = x
2 + yz2 + yn−1 p ≥ 3 14(n−2)
(E6) f = x
2 + y3 + z4 p ≥ 5 124
(E7) f = x
2 + y3 + yz3 p ≥ 5 148
(E8) f = x
2 + y3 + z5 p ≥ 7 1120
4. Proof of the theorem
In this section, we give a proof of the main theorem and calculate some examples.
We use the notation of the previous section. Throughout this section, let R =
⊕n≥0Rn be an F-finite graded ring of positive characteristic. We denote m = R+ =
⊕n>0Rn.
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Lemma 4.1. Let R be a graded Gorenstein ring, and let a = a(R). Then, for any
homogeneous element α in R such that αF e is split mono, we have
degα ≤ −a(q − 1).
Proof. Let f1, f2, . . . , fd be a homogeneous system of parameter R, and let bi =
deg fi. Because αF
e is split mono, by tensoring Rq/(f q1 , f
q
2 , . . . , f
q
d ) over R
q, we see
that αRq/(f q1 , f
q
2 , . . . , f
q
d ) is a free direct summand of R/(f
q
1 , f
q
2 , . . . , f
q
d ).
If we take a generator z of soc(R/(f1, f2, . . . , fd)), then it satisfies
deg z = a+ b1 + b2 + · · ·+ bd.
Because αRq/(f q1 , f
q
2 , . . . , f
q
d
) is a free direct summand of R/(f q1 , f
q
2 , . . . , f
q
d
), we
have αzq 6= 0 in R/(f q1 , f
q
2 , . . . , f
q
d ), and thus
degαzq ≤ a(R/(f q1 , f
q
2 , . . . , f
q
d )).
Because a(R/(f q1 , f
q
2 , . . . , f
q
d )) = a+ q(b1 + b2 + · · ·+ bd), we obtain
degα+ q(a+ b1 + b2 + · · ·+ bd) ≤ a+ q(b1 + b2 + · · ·+ bd).
Thus Lemma 4.1 follows. 
Theorem 4.2. Let R be a reduced graded F -finite Gorenstein ring with an isolated
singularity, and let us assume that R0 = k is a perfect field. The following are
equivalent.
(1) R(e) has only one free direct summand for each positive integer e.
(2) R is F -pure and a(R) = 0.
Proof. Because the implication from (2) to (1) is obvious by Lemma 4.1, it suffices
to show the converse.
Suppose we have aq = 1 for some e≫ 1. This means there exists an α such that
αR is a free direct summand of R(e). α is not contained in R0. Therefore, R is
F -pure(see [HH, page 128,remark(c)]), which implies that a(R) ≤ 0. If we suppose
that a(R) < 0, then R becomes F -rational and s(R) > 0, contradicting aq = 1. 
Theorem 4.3. For any reduced graded F -finite Gorenstein ring R and if we assume
that R0 = k is a perfect field, we have the following inequality.
(4.1) s(R) ≤
(−a)de′
2d−1d!
.
Here, d is the dimension of R, a is the a-invariant, and e′ = limt→1(1− t)
dP (R, t),
where P (R, t) is the Poincare´ series of R.
Proof. Let α1, α2, . . . , αaq be a basis of the free direct summand of R
(e). We as-
sume that each αi is a homogeneous element. Let f1, f2, . . . , fd be homogeneous
parameter systems of R, and let bi = deg fi. We may assume that each bi is large
enough with respect to aq and q. Take a generator z of soc(R/(f1, f2, . . . , fd)). By
Lemma 4.1, we have degαi ≤ −a(q − 1). Because α1R
q ⊕ α2R
q ⊕ · · · ⊕ αaqR
q is a
free direct summand of R(e),
α1R
q/(f1, f2 . . . , fd)⊕ α1R
q/(f1, f2 . . . , fd)⊕ · · · ⊕ αaqR
q/(f1, f2 . . . , fd)
becomes a free direct summand of R(e)/(f1, f2 . . . , fd)R
(e) = R/(f q1 , . . . , f
q
d )R.
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Define a−q and a
+
q by
a−q = {i | degαi <
−a(q − 1)
2
},
a+q = {i | degαi ≥
−a(q − 1)
2
}.
And let rn=dimk(R/(f
q
1 , . . . , f
q
d )R)n. Because αi’s are linearly independent over k,
we have
a−q ≤
−a(q−1)
2 −1∑
n=0
rn.
Similarly, because αiz
q ’s are linearly independent over k, we have
a+q ≤
−a(q−1)+q(a+b1+···+bd)∑
n=−a(q−1)2 +q(a+b1+···+bd)
rn.
By the duality of the Gorenstein ring R(e)/(f1, . . . , fd)R
(e) = R/(f q1 , . . . , f
q
d )R, we
obtain
r−a(q−1)
2 +q(a+b1+···+bd)+i
= r−a(q−1)
2 −i
and thus
a+q ≤
−a(q−1)
2∑
n=0
rn.
Thus we obtain
aq = a
+
q + a
−
q ≤ 2
−a(q−1)
2∑
n=0
rn.
Dividing his by qd and taking the limit, we obtain s(R) from the left-hand side. For
large q,
2
−a(q−1)
2∑
n=0
rn = 2
e′
d!
(
−a(q − 1)
2
)d+(termsoflowerdegree) =
(−a)de′
2d−1d!
qd+(termsoflowerdegree).
Hence the result follows. 
Example 4.4. If R = k[X1, . . . , Xd] is a polynomial ring over perfect field k,
because a(R) = −d and e′ = 1, we have
(−a)de′
2(d−1)d!
=
dd
2(d−1)d!
.
The right hand side is equal to 1 for d = 1, 2 and greater than 1 for d ≥ 3. Thus
we have equality in (4.1) if and only if d = 1, 2.
Example 4.5. (4.1) becomes an equality if R is a 2-dimensional rational double
point.
To confirm this, we introduce the following lemma.
Lemma 4.6. Let R be a graded ring, and let x be a regular homogeneous element
in degree b. Then
(4.2) (1 − tb)P (R, t) = P (R/(x), t)
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Proof. Since x is a homogeneous regular element of degree b,
(4.3) 0→ R(−b)
x
−→ R→ R/(x)→ 0
is exact. By the additivity of the dimension of k-vector spaces, we obtain
H(R/(x), n) = H(R, n)−H(R, n− b),
and thus
H(R/(x), n)tn = H(R, n)tn −H(R, n− b)tn,
H(R/(x), n)tn = H(R, n)tn − tbH(R, n− b)tn−b.
Here, H(R, n) denotes the k-dimension of the degree n part of R. Taking the sum
of these equations, we obtain (4.2). 
Lemma 4.7. Let R be a graded Cohen-Macaulay ring, and let x be a homogeneous
regular element of degree b. Then we have
a(R/(x)) = a(R) + b.
Proof. See [G-W1](2.2.10) or [B-H](3.6.14). 
In the following, we demonstrate how to calculate the right-hand side of (4.1) in
Theorem 4.3 for singularities of type An by using these lemmas. In this case, R =
k[x, y, z]/x2 + y2 + zn+1. We remark that because R is a hypersurface singularity,
it is a complete intersection, in particular Cohen-Macaulay.
R can be regarded as a graded ring with deg x = deg y = n+ 1, deg z = 2. With
this grading, x2+ y2+ zn+1 is a homogeneous element of degree 2(n+1), and thus
we have
a(R) = −(n+ 1 + n+ 1 + 2) + 2(n+ 1) = −2
by Lemma 4.7.
Next we calculate the Poincare´ series. By Lemma 4.6, we have
(1− tn+1)P (R, t) = P (R/(x), t).
Moreover, because y is a regular element in R/(x) of degree n+ 1, we have
(1 − tn+1)P (R/(y), t) = P (R/(x, y), t)
again by Lemma 4.6. Since z is an element of degree 2 in R/(x, y) = k[x, y, z]/zn+1,
we have
P (R/(x, y), t) = 1 + t2 + · · ·+ t2n =
1− t2(n+1)
1− t2
.
Combining with the above two equations, we obtain
P (R, t) =
1− t2(n+1)
(1− tn+1)(1 − tn+1)(1− t2)
,
and thus e′ = 1
n+1 . The right-hand side of (4.1) can be calculated to be
1
n+1 , and
thus is equal to e′ in this case.
The following is the list of a and e′ calculated by the above method.
type e′ a(R) RHS of (4.1)
(An)
1
n+1 −2
1
n+1
(Dn)
1
n−1 −1
1
4(n−2)
(E6)
1
6 −1
1
24
(E7)
1
12 −1
1
48
(E8)
1
30 −1
1
120
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5. Local case
Lastly, we give a local version of theorem 4.2 .
Theorem 5.1. Let (R,m) be a F -finite Gorenstein local ring that is F -rational on
a punctured spectrum and assume that the residue field is perfect. The following
are equivalent.
(1) R(e) has only one free direct summand, for each positive integer e.
(2) R is F -pure and not F -rational
Proof. The implication from (1) to (2) is the same as the graded case. To show
the converse, we use the splitting prime. For the definition and the behavior, see
[A-E2]. Let p be the splitting prime. Because R is F -pure, p is not unit ideal.
Because p contains the test ideal, p equals to m.(See [A-E2, remark3.5.].)
But then aq = 1 by the remark again, namely R
(e) has only one free direct sum-
mand, for each positive integer e.

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